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We consider difference sets that have the parameters of the two series con-
structed recently by Chen respectively Davis and Jedwab. We show that the
exponent bound following from the results of Turyn cannot be attained for these
parameter series. In some cases this leads to a necessary and sufficient condition
for the existence of such difference sets. Q 1998 Academic Press
1. INTRODUCTION
 .A ¨ , k, l -difference set in a group G of order ¨ is a k-subset D of G
such that every nonidentity element g of G has exactly l representations
g s d dy1 with d , d g D. In this paper, we only consider abelian differ-1 2 1 2
ence sets, i.e., difference sets in abelian groups.
Recently, two new parameter series for difference sets were discovered
w x w xby Chen 4 and Davis and Jedwab 6 . Chen's difference sets have
parameters
q2 t y 1
2 t¨ s 4q ,2q y 1
2 t2 q y 1 .
2 ty1k s q q 1 ,
q q 1
q2 ty1 q 1
2 ty1l s q q y 1 , .
q q 1
n s q4 ty2 ,
404
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where q s p f is a power of 3 or a square of an odd prime power and t is
any positive integer. For t s 1, such a difference set is a Hadamard
difference set. Any difference set with the above parameters for any
.prime power q and t G 2 will be called a Chen difference set. Chen's
examples all have an elementary abelian Sylow p-subgroup; we will show
that this is forced in some cases. However, in general there remains a large
gap between the known necessary and sufficient conditions on the exis-
tence of Chen difference sets. I do not know if the exponent bound
obtained in this paper can be improved. The other recent series of
difference sets constructed by Davis and Jedwab has parameters
¨ s 22 tq2 22 t y 1 r3, .
k s 22 ty1 22 tq1 q 1 r3, .
l s 22 ty1 22 ty1 q 1 r3, .
n s 24 ty2 ,
where t G 2 is a positive integer. Any difference set with these parameters
will be called a Da¨is]Jedwab difference set. Note that Davis]Jedwab
 .difference sets are also Chen difference sets put q s 2 . Davis and
w xJedwab 6 constructed Davis]Jedwab difference sets in all abelian groups
2 tq2 2 t .of order 2 2 y 1 r3 which have a Sylow 2-subgroup S of exponent2
at most 4, with the single exception of t s 2 and S ( Z3. We will show2 4
 .that the condition exp S F 4 is also necessary for the existence abelian2
Davis]Jedwab difference sets with the so-called character divisibility prop-
 .erty. Here we say that an ¨ , k, l -difference set D of square order
n s k y l in an abelian group G has the character di¨ isibility property CD
’.  .property if the character value x D is divisible by n for all nontrivial
w xcharacters x of G, see Jungnickel and Schmidt 7 .
We emphasize that the CD property is a very natural assumption which
 .is satisfied by all known difference sets with gcd ¨ , n ) 1. Difference sets
 .with gcd ¨ , n ) 1 without the CD property}if they exist}must be differ-
ence sets of a completely new type. Therefore, it is reasonable to consider
these two types of difference sets separately.
2. PRELIMINARIES
Let us collect some results which will be needed in the following
sections. Throughout the paper, we will use the following notation. Let G
be a finite abelian group. We identify a subset A of G with the element
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< < g of the group ring ZG. For B s  b g g ZG we write B [g g A g g G g
 b and By1. [  b gy1. Let U be a subgroup of G; theg g G g g g G g
natural epimorphism G ª GrU is always assumed to be extended to ZG
by linearity and is denoted by r . Furthermore, we write G [ GrU. If DU U
 . <is a subset of G with r D s  d g then the numbers d s D lU g g G g gU
<  .U are called coefficients of r D or intersection numbers of D withg U
respect to U.
The following lemma is a direct consequence of the definition of a
difference set.
 .LEMMA 2.1. Let D be a ¨ , k, l -difference set in an abelian group G, and
let U be a subgroup of G. Then
 .y1 < <r D r D s n q U lG , .  .U U U
and hence
x r D x r D s n .  . .  .U U
for e¨ery nontri¨ ial character x of G .U
DEFINITION 2.2. A prime p is called self-conjugate modulo a positive
integer m if there is a positive integer j with
p j ' y1 mod m9,
a  .where m s p m9 with m9, p s 1.
 w x.LEMMA 2.3 Turyn 12 . Let j be a complex mth root of unity, and let t
w xbe an integer which is self-conjugate modulo m. If A g Z j and
2 aAA ' 0 mod t
for a positi¨ e integer a then
A ' 0 mod t a .
 .As usual in papers on the existence of difference sets with ¨ , n ) 1,
Ma's Lemma will be the essential tool.
 w x.LEMMA 2.4 Ma 8 . Let p be a prime, and let G be a finite abelian group
with cyclic Sylow p-subgroup. If Y g ZG satisfies the condition
x Y ' 0 mod pa .
for all nontri¨ ial characters x of G then there are X , X g ZG with1 2
Y s paX q PX ,1 2
where P is the unique subgroup of order p of G.
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Furthermore, the coefficients of X and X can be chosen to be nonnegati¨ e1 2
if Y has nonnegati¨ e coefficients.
The next lemma is a consequence of the inversion formula, see Curtis
w xand Reiner 5 .
LEMMA 2.5. Let G be a finite abelian group, and let t be a positi¨ e integer.
If B g ZG with
x B ' 0 mod t .
for all characters of G then
< <B ' 0 mod tr G , t . .
wFinally, we recall the central result of Turyn's classical paper 12,
xTheorem 6 . By G* we denote the character group of G.
THEOREM 2.6. Let D be any subset of an abelian group G, and let m be a
 .positi¨ e integer such that xx D ' 0 mod m for all x in a subgroup H of1
 < < .G*, H , m s 1, where x is a character of G of order w ) 1 and1
<  : <  .H l x s 1 and assume xx D / 0 for some x g H. Then1 1
ry1 < < < <2 G G mw H ,
where r is the number of distinct prime di¨ isors of w.
3. CHEN DIFFERENCE SETS
In this section, we will improve the exponent bound which follows from
Theorem 2.6 in the case of Chen difference sets with odd q. In some cases,
this will give a necessary and sufficient condition for the existence of these
difference sets. We will use arguments similar to those of Arasu, Davis,
w xand Jedwab 1 . A very nice description of this method can be found in
w xPott 11 . As a consequence of Turyn's result we have the following.
PROPOSITION 3.1. Let q s p f be a prime power, and let G be an abelian
2 t 2 t .  2 ..group of order 4q q y 1 r q y 1 containing a Chen difference set D
ha¨ing the CD property. Denote the Sylow p-subgroup of G by S . Then thep
following hold.
 .  .a If p is odd then exp S F q.p
 .  .b If p s 2 then exp S F 4q.2
 . 2 ty1 < <  2 t .  2 ..Proof. a Put m s q , H s 4 q y 1 r q y 1 , and w s
 .exp S in Theorem 2.6.p
BERNHARD SCHMIDT408
 . 2 ty1 < <  2 t .  2 .  .b Put m s q , H s q y 1 r q y 1 , and w s exp S in Theo-2
rem 2.6.
Remark. Because of Lemma 2.3, in the following cases e¨ery abelian
Chen difference set must have the CD property.
 . 3a q odd, t s 2, and the Sylow 2-subgroup of G is isomorphic to Z2
 < < 4 2 ..note that 8 is the exact divisor of G s 4q q q 1 .
 .b q even, t s 2.
We will improve the exponent bound following from Turyn's theorem by
the following result.
THEOREM 3.2. Let q s p f be an odd prime power, and let G be an
2 t 2 t .  2 ..abelian group of order 4q q y 1 r q y 1 , f , t G 2, containing a Chen
difference set D ha¨ing the CD property. Denote the Sylow p-subgroup of G by
 . fy1S . Then exp S F p .p p
COROLLARY 3.3. Let q s p f be an odd prime power, and let G be an
4 2 .abelian group of order 4q q q 1 . If the Sylow 2-subgroup S is isomorphic2
to Z3 and a Chen difference set exists in G then the exponent of the Sylow2
p-subgroup S of G is at most p fy1. In particular, if f s 2 and S ( Z3 thenp 2 2
a Chen difference set in G exists if and only if S is elementary abelian.p
Proof of Theorem 3.2. Assume S s Z = H where Z is a cyclic groupp q q
of order q and H is a subgroup of S of order q2 ty1. We will use thep
notation introduced in Section 2. Let K be any complement of Z in S .q p
By Ma's Lemma, we have
r D s q2 ty1X q PY , 1 .  .K
where X, Y are elements of ZG having nonnegative coefficients and P isK
the subgroup of G of order p. Obviously, X can be viewed as a subset ofK
G , and we can assume that no coset of P is contained in X. We writeK
< <w s X l Pg for g g G and Y s  a g, where T is a set of distinctg K g g T g
 .coset representatives of P in G . In view of 1 , the coefficient of 1 inK
 .  .y1. 2 4 ty2r D r D is pa q q w . Hence Lemma 2.1 gives usK K g g
p a2 q q4 ty2 w s q4 ty2 q q2 ty1l. 2 . g g
 .Let L be the preimage of P under r . From 1 we see that the coefficientK
 .  .y1. 2 2 4 ty2 2of 1 in r D r D is p a q q w . Hence Lemma 2.1 impliesL L g g
p2 a2 q q4 ty2 w2 s q4 ty2 q pq2 ty1l. 3 . g g
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 .  .From 2 and 3 we infer
pw y w2 s p y 1. 4 . . g g
ggT
Since 0 F w F p y 1, we conclude that w s 1 or p y 1 for one h andg h
w s 0 for all g / h.g
Now, fix any complement of Z in S , say H. From Lemma 2.5 we knowq p
 . 2 ty2  . 2 ty2that r D is divisible by q , say r D s q u s  b g. ThenH H g g G gH
by Lemma 2.1
q2 ty1 q 1
y1. 2 2uu s q q q q y 1 G , . Hq q 1
2 2 2 . 2 ty1 .  ..   2 thence b s q q q q y 1 q q 1 r q q 1 . Also b s q 2 q yg g
.  . . < <  2 t .  2 ..1 r q q 1 q 1 and G s 4q q y 1 r q y 1 .H
 .Let us define c s b y q y 1 r2. The point of this transformation isg g
the nice formula
c2 s q2 , 5 . g
ggGH
2 < <which is easily proved using the expressions for b , b , and G .g g H
 .Since exp H F q and t G 2, the rank of H must be at least three. Let
g , . . . , g , r G 3, be a basis of H, and let1 r
 i j k :K s g z , g z , g z , g , . . . , gi jk 1 2 3 4 r
for i, j, k s 0, . . . , p y 1, where z is an element of order p of Z . Thenq
 :each K is a complement of Z in S and K K s H z for alli jk q p i jk i9 j9k 9
 .  .  .i, j, k / i9, j9, k9 . From the conclusion following 4 , we know that for
 .  :  :every triple i, j, k there is a coset L of K z s H z such thati jk i jk
either
 .i there is a coset of K in L which is completely contained ini jk i jk
D and all other cosets of K in L have an empty intersection with Di jk i jk
or
 .ii there are p y 1 cosets of K in L which are completelyi jk i jk
contained in D and the remaining coset has an empty intersection with D.
 .  .We conclude L / L for i, j, k / i9, j9, k9 . Otherwise L s Li jk i9 j9k 9 i jk i9 j9k 9
would have to be contained in D since every coset of K in L meetsi jk i jk
every coset of K in L .i9 j9k 9 i jk
 .  .Furthermore, we observe that every coset L , i, j, k / 0, 0, 0 , leadsi jk
fy1  . fy1  . 2 ty2to p coefficients b s p or b s p y 1 p in u s r D rq .g g H
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1fy1 fy1 fy1  . .  .If b s p then c s y p y 2 p q 1 , and if b s p y 1 pg g g2
1 1fy1 . . < < then c s p y 2 p q 1 . In both cases, we have c G p yg g2 2
. fy1 .2 p y 1 . We also know that b s q for at least one g since there is ag
 3 .  .  .w G 1. As there are p y 1 cosets L , i, j, k / 0, 0, 0 , it follows thatg i jk
222 3 fy14 c G q q 1 q p y 1 p p y 2 p y 1 . 6 .  .  . . g
ggGH
For p s 3 and f s 2, we get 4 c2 G 100 q 26 ? 3 ? 4 s 412 whichg g G gH2 2  .yields a contradiction since 4 c s 4q s 324 by 5 . However, forg g G gH
 .  .p, f / 3, 2 we get
22 3 fy14 c ) p y 1 p p y 1 .  . g
ggGH
) p3 y 1 q p fy1 y 2 .  .
s q p fq2 y p fy1 y 2 p3 q 2 .
s q2 p2 y 1rp y 2 p3y f q 2rp f .
) 4q2
  .  ..  .the last step uses p, f / 3, 2 . This again contradicts 5 .
 .Remarks. a The estimates used in the proof of Theorem 3.2 are
rather crude. However, it seems to be unclear if this can be viewed as an
evidence for a possible improvement of the exponent bound.
 .b A brief look at the proof of Theorem 3.2 shows that the method does
not work for p s 2. In the next section, we present a method for p s 2,
f s 1. It remains an open question if the exponent bound in Proposition
 .3.1 b can be attained for p s 2, f ) 1.
4. DAVIS]JEDWAB DIFFERENCE SETS
It was already mentioned that Davis]Jedwab difference sets exist in all
2 tq2 2 t .abelian groups of order 2 2 y 1 r3, t G 2, which have a Sylow
2-subgroup S of exponent at most 4, with the single possible exception of2
3 w xt s 2 and S ( Z . In Ma and Schmidt 10 , it was shown that for t s 2 an2 4
abelian group containing a Davis]Jedwab difference set must have a Sylow
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2-subgroup of exponent at most 4. The following theorem is a generaliza-
tion of this result.
2 tq2 2 t .THEOREM 4.1. Let G be an abelian group of order 2 2 y 1 r3,
t G 2, with Sylow 2-subgroup S . With the possible exception of t s 2 and2
S ( Z3, a Da¨is]Jedwab difference set D in G that has the CD property2 4
 .exists if and only if exp S F 4.2
Remark. For t s 2 in Theorem 4.1 the CD property is always satisfied;
see Lemma 2.3. It is not known whether the CD property can be forced for
t ) 2 or acts as a wonderbra on Theorem 4.1.
2 ty1  . < <Proof of Theorem 4.1. Putting m s 2 , w s exp S , and H s2
 2 t .  .2 y 1 r3 in Theorem 2.6 we conclude exp S F 8. It remains to show2
 .exp S / 8. Assume the contrary and write S s Z = H, where Z is2 2 8 8
 .  . 2cyclic of order 8 and exp H F 8. If rank H s 1 then t s 2 and S ( Z .2 8
w xHowever, this case was already excluded by Arasu and Sehgal 3 , see also
w x  .Ma and Schmidt 9, Corollary 3.3 . Hence we can assume rank H G 2.
Let U be any complement of Z in S . From Lemma 2.5 we get8 2
 . 2 ty4  . 2 ty4r D ' 0 mod 2 , say r D s 2 w , w s  a g, and Ma'sU U U U g g G gU
Lemma gives
w s 8 X q PY , 7 .U
where P is the subgroup of order 2 in G and X, Y are elements of ZGU U
 .with nonnegative coefficients. Since r D cannot have coefficients greater
< < 2 ty1than U s 2 , we conclude that no element of G has a nonzeroU
coefficient in both X and PY.
Applying a character of order 8 to the equation
22 ty1 q 1
y1.w w s 64 1 q G 8 .U U U /3
< <following from Lemma 2.1, we see X G 1. Furthermore, we know that0
< < 2 tG s 8 2 y 1 r3, .U
a s 8 22 tq1 q 1 r3, . g
22 ty1 q 1
2a s 64 1 q . g  /3
2  .The formula for a follows by comparing the coefficient of 1 in 8 . Weg
< <define b s a y 2. Then a calculation using the formulae for G , a ,g g U g
and a2 givesg
b2 s 64. 9 . g
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< < 2 < <If X G 2 then b G 72 which is impossible. Thus X s 1. Let z be theg
element of order 2 of Z . Since X and PY do not overlap we conclude that8
 .  :) for every complement U of Z in S there is a coset L of U z8 2 U
such that one coset of U in L is completely contained in D and the otherU
has an empty intersection with D.
 : < <  i j:Write Hs g , g =K where possibly K s1. Let U s g z , g z =1 2 i j 1 2
 .  .  .K, i, j s 0, 1. By ) , obviously L / L for i, j / i9, j9 . Further-U Ui j i9 j9
 .  .more, the cosets L , i, j / 0, 0 , imply 6 coefficients 4 in w sinceU Hi j
 .  .every L , i, j / 0, 0 , is the union of two cosets of H which bothUi j
intersect each of the two cosets U in L in exactly 4 elements.i j Ui j
 .Now, we will derive a contradiction to 9 for U s H. We know from
above that w has one coefficient 8 and at least 6 coefficients 4. Let a :H g
4g g T be the remaining coefficients of w . SinceH
< < < <b s w y 8 q 4 ? 6 y 2 G y 7 .  . g H H
ggT
s y10
we infer  b2 G 10. Thusg g T g
2 22b G 8 y 2 q 6 4 y 2 q 10 .  . g
s 70,
 .a contradiction to 9 .
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